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1. Introduction

In this work we pursue the investigation, started in [5], of certain parametric integral
transforms from the point of view of tame analysis (in [5] we studied the parametric
Fourier transform, here we consider the parametric Mellin transform, and in a forthcom-
ing paper we analyze the combined action of these two operators on certain collections
of tame functions).

The study of parametric integrals of functions belonging to a given tame class arises
from the question of the nature of the volume of the fibres X, of a tame family (X, )ycy.
More precisely, describing the locus of integrability is a counterpart to establishing the
nature of the set of points y of Y for which X, has finite volume. The volumes of
globally subanalytic sets have been studied in [21,8], where it is proven that, for a
globally subanalytic set X C R"™"™ such that the fibres X,, = X N {{y} x R™} have
dimension at most k, the set Yy C R™ of points y such that the k-dimensional volume
v (y) of X, is finite is again globally subanalytic. However, it is necessary to introduce a
function which is not globally subanalytic in order to express the volume: the restriction
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of v to Yy has the form v = P (Ay,..., A, log Ay, ...,log A,.), where P is a polynomial
and the A; are positive globally subanalytic functions.

The class of all functions definable in an o-minimal structure is closed under many nat-
ural operations, but is not in general stable under parametric integration. For instance,
it follows from the above results that the family S of all globally subanalytic functions
is not stable under parametric integration. However, the family C of constructible func-
tions (see Definition 2.1) is, and indeed it is the smallest such collection containing S
(see [10]). Moreover, the locus of integrability of a constructible function is the zero-set
of a function which is again constructible. The expansion Ray exp of the real field by all
restricted analytic functions and the unrestricted exponential is an o-minimal structure
in which all the functions in C are definable, which is not stable under parametric inte-

z

gration, as shown in [13, theorem 5.11]. For instance the error function x /e_t2 dt is

the parametric integral of a very simple function definable in R,y oxp, but it Ois not itself
definable in Ry exp-

Nevertheless, some of these integrals are definable in larger o-minimal structures.
For example, all antiderivatives of functions definable in an o-minimal structure R are
definable in a larger o-minimal structure, called the Pfaffian closure of R [28]. Other
parametric integrals and integral transforms of functions definable in Rap exp (for ex-
ample, the restrictions to the real half-line (1,4+00) of the Gamma function, seen as a
Mellin transform, and of the Riemann Zeta function, seen as a quotient of two Mellin
transforms) are known to be definable in suitable larger o-minimal structures [15,14,25].
However, there is no known general o-minimal universe in which all such parametric
integrals are definable (and indeed incompatibility results in [26,24,19] suggest that such
a universe might not exist).

We therefore turn our attention to subcollections of functions definable in a given
o-minimal structure (here, Ran exp) Which are stable under taking parametric integrals,
as is the family C. There aren’t many known such collections. For example, the collection
of all functions definable in RR" (the polynomially bounded expansion of R,,, by all real
power functions, seen as a reduct of Ray exp) is not stable under parametric integration
and indeed some such integrals are not even definable in Ry, exp (see [27, Prop. 2.1
and Theorem 2.2] and Subsection 2.1 where this example is discussed in detail). Our
first aim is to define a collection C® of R-algebras of functions definable in the o-minimal
structure Ray, cxp, extending the stable collection C, and, in turn, stable under parametric
integration (see Definition 2.2 and Theorem 2.4 below, for the case K = R). The elements
of CR are called real power-constructible functions and they are constructed from real
powers and logarithms of globally subanalytic functions.

Parametric integrals of tame functions also appear in the study of functional and
geometric analogues of period conjectures. Recent breakthroughs in functional transcen-
dence around o-minimality and periods have been made, concerning the transcendence
of the coordinates of the Hodge filtration, which are ratios of certain period functions.
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For instance, Bakker, Klingler and Tsimerman [4] proved that period maps are definable
in the o-minimal structure Ray exp, yielding a new proof of the algebraicity of the Hodge
loci. This provides an example of an integration process whose resulting functions remain
in the original tame framework. Analogously, our Theorem 2.4 states that parametric
integration preserves the class CR. In the same spirit, we consider (see Definition 2.13
and Theorems 2.16, 2.19) larger classes which we prove to be stable under parametric
integration.

Another motivation for considering the collection CR lies beyond o-minimality: most
integral transforms (Fourier, Mellin...) are usually applied to rapidly decaying or com-
pactly supported unary functions, but they can be extended to classes of functions having
an asymptotic expansion (at 0 and/or at oco) in the scale of real power-log monomials
(for example, for such functions it can be shown that the Mellin transform extends to a
meromorphic function on the whole complex plane, outside the domain of convergence
of the integral, see [30, Section 6.7 (by D. Zagier)]. In order to consider parametric ver-
sions of such transforms, one needs some control over the behaviour of the multi-variable
functions in the collection to which we want to apply the transform. This is clear for
example in the study of oscillatory integrals of the first kind, when the phase and the
amplitude are analytic: resolution of singularities in the class of analytic germs is used to
recover information about the asymptotic expansion of such parametric integrals. This
is the strategy developed, for example in [2], [22] and [29], in which the powers appearing
in the asymptotic expansion of certain integral transforms with an analytic phase f (and
a compactly supported amplitude) are expressed, using resolution of singularities of f,
in terms of numerical invariants of the singularity of f at the origin. When applying
parametric integral transforms to a class F of functions in several variables, it is hence
important to have information about the geometry of the domain of the functions in
F and to have some well-behaved theory of resolution of singularities adapted to the
class F. This is where o-minimality plays a central role: the key result here is a version
of local resolution of singularities called the subanalytic preparation theorem [20], [23],
together with cell-decomposition and piecewise analyticity arguments to patch together
the local results into a global stability statement. This viewpoint is implemented in [1],
[6], and in the article in preparation [7], in which we systematically study the rate of
decay of Fourier transforms of subanalytic functions, as well as of functions of CR. More
specifically, we investigate the interplay between rapid decay and holomorphic extension
to certain complex domains around the real axis.

Understanding the stability of wide collections of natural functions under oscillatory
integral transforms appears as a key motivation for the theory of distributions. The
reader may find in [1] an illustration of the importance of controlling asymptotics in the
study of certain classes of distributions.

In this paper we study parametric Mellin transforms of functions in CR, exploiting
both the o-minimal (subanalytic) nature of the domain of the functions and a prepara-
tion theorem available for the functions in C®. We define a collection of functions which
contains the parametric Mellin transforms of the functions in CR (X), for X C R™ a glob-
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ally subanalytic set, and stable under integration with respect to the variable z € X:
our starting point is C¥, a collection of functions defined on subanalytic sets. We then
apply an integral transform which depends on a complex parameter s, which we want
to keep separate from the subanalytic variables, in the sense that we will not integrate
with respect to s. For this, we construct a collection CM of C-algebras of functions
of the variables (s,z) (where s is a single complex variable and x is a tuple of vari-
ables ranging in a subanalytic set) which contain the parametric Mellin transforms of
power-constructible functions, and stable under parametric integration. In [5], where we
considered the parametric Fourier transforms of constructible functions, the correspond-
ing system of C-algebras is described in terms of transcendental elements, which are
themselves integral operators evaluated at constructible functions. Here instead we give
an explicit description of parametric Mellin transforms in terms of series of functions of
a simple special form.

The functions in C™ will be shown to depend meromorphically on the variable s.
This, together with Theorem 2.16, will be used to provide a meromorphic extension of
the parametric Mellin transform to the whole complex plane. A classical result in this
spirit is proven in [3] (see also [16, Th. 1.4] for a more recent and simplified proof): given
a real analytic function f defined in a open neighbourhood U of 0 € R", for every C*>
function ¢ whose support is compact and contained in U, the integral of f*y, initially
defined as a holomorphic function on R (s) > 0, extends to a meromorphic function on
C.

As the Mellin transform is usually considered as a function of a complex parameter,
we leave the realm of real-valued functions and of o-minimality. There is hence no reason
to restrict ourselves to real powers of subanalytic functions. Therefore, we define complex
power-constructible functions, prove that they form a collection C which is stable under
parametric integration (see Definition 2.2 and Theorem 2.4 below, case K = C) and
study their parametric Mellin transforms. The purely imaginary powers of subanalytic
functions introduce now some nontrivial oscillatory phenomena, which lead us to invoke
results from the theory of continuously distributed functions mod 1 (see Section 3.1).
Despite the presence of oscillatory functions, which forces us to leave the realm of o-
minimality, Theorem 2.16 and its consequences show that the class C™ is geometrically
tame, in a broader sense.

The paper is organized as follows. In Section 2, we introduce several classes of func-
tions, for which we prove stability under parametric integration: power-constructible
functions (Definition 2.2), parametric power-constructible functions (Definition 2.13)
and some variants (Section 2.3.1). The main results about these classes are stated in
Theorems 2.4, 2.16 and 2.19. In Section 3 we introduce the three basic tools that will
be used in the proofs of the main results: a non-compensation argument about finite
sums of purely imaginary powers, the properties of parametric strong functions (which
are the building blocks in the construction of the class of parametric power-constructible
functions) and the previously mentioned subanalytic preparation theorem, from which
we derive the consequences needed in our setting. Section 4 is devoted to preparing the
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functions in the classes under consideration in a particularly simple way with respect to
a given subanalytic variable. This will allow in Section 5 to provide a first result about
integrating a generator of a class with respect to a single variable. The proofs of the
general stability statements are carried out in Section 6.

2. Notation, definitions and main results

A subset X of R™ is globally subanalytic if it is the image under the canonical
projection from R™*™ to R™ of a globally semianalytic subset of R™*™ (i.e. a subset
Y C R™*" such that, in a neighbourhood of every point of P! (]R)"H”, Y is described
by finitely many analytic equations and inequalities). Equivalently, X is definable in the
o-minimal structure R,, (see for example [11]). Thus, the logarithm log : (0, +o0) — R
and the power map z¥ : (0,400) x R — R are functions whose graph is not subanalytic,
but they are definable in the o-minimal structure Rap exp (see for example [12]).

Throughout this paper X C R™ will be a globally subanalytic set (from now on, just
“subanalytic set”, for short). Denote by S (X) the collection of all subanalytic functions
on X, i.e. all the functions of domain X whose graph is a subanalytic set, and let
S+ (X)={f €S(X): f(X)C (0,40)}.

Definition 2.1 (Constructible functions). Let C (X) be the R-algebra of constructible func-
tions on X, generated by all subanalytic functions and their logarithms:

N M
C(X)=3> fi[[loggij: M,NeN*, fieS(X),g:; €Sy (X)
=1 j=1
Define C = {C (X): X C R™ subanalytic, m € N}.

By [20,8,9], C is the smallest collection of R-algebras containing S and stable under
parametric integration. Notice that constructible functions are definable in Rap, exp-

A function defined on X and taking its values in C is called a complex-valued sub-
analytic (constructible, resp.) function if its real and imaginary parts are in S (X) (in
C (X), resp.).

2.1. Power-constructible functions
For K C C a subfield, write
SX(X)={f": feS:(X), a€K}.
Let Fg be R if K C R and C otherwise.

Definition 2.2 (Power-constructible functions). Let C* (X) be the Fg-algebra generated
by the logarithms and the K-powers of the subanalytic functions on X, i.e.
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M
ck (X) = Zci f;fj” loggi,j : M,N € N*, .fi,j7gi,j €Sy (X), Q5 € K, c; € Fg

i=1 j=1

Let
c¥ = {CK (X): X CR™ subanalytic, m € N}.
The functions in C¥ are called K-power-constructible functions.

Remark 2.3. Notice that C® = C and if K C R, then the functions in CcX are de-
finable in Rupn exp. If K ¢ R, then by definition C¥ (X) is a C-algebra. However, if
h=> ¢ Hff‘]J log g; ; is such that all the exponents «;; belong to R, then the real
and imaginary parts of h belong to the R-algebra C® (X).

s of

Ran by all power functions with exponents in Rajg. It is shown in [17] that the parametric

Let Raig be the field of real algebraic numbers and consider the expansion R

integrals of all the functions definable in ng‘g are definable in Ry exp. However, this
is not the case if we allow the exponents of the power functions to range in the whole
field R. Indeed, in [27, Prop. 2.1] the author produces an example of a function f in
two variables  and y, defined as a composition of subanalytic functions and irrational
powers (in particular, definable in the o-minimal structure Ray exp and even in RPOW),
such that the parametric integral (with respect to y) of f is not definable in Ran, exp-
The argument goes as follows: Soufflet proves that functions definable in Rap oxp that
have a formal asymptotic expansion in a logarithmic scale (the real scale €gr defined in
[27, p. 129]) have the property that such an expansion is convergent (see [27, Theorem
2.5]). Now, in [27, Proposition 2.1] he shows that the parametric integral of f has a
divergent asymptotic expansion in this scale. More precisely the function f is obtained
by right-composing a subanalytic function by a suitable irrational power of the variable
y. This procedure differs from the one in the above definition, where we left-compose
subanalytic functions with irrational powers. Indeed, f is not power-constructible, as our
first result (Theorem 2.4 below) is that C¥ is stable under parametric integration.

Theorem 2.4. Let h € C¥ (X x R™). There exists H € CX (X) such that

Vo € Int (h; X), /h(ac,y)dy:H(x),
R~

where

Int (h; X):={z€X: yr— h(z,y) € L' (R™)}.



8 R. Cluckers et al. / Advances in Mathematics 459 (2024) 110025

2.2. Strong functions

In the subanalytic and constructible preparation theorems, a special role is played
by the so-called strong functions: these are bounded subanalytic functions which can be
expressed as the composition of a single power series (convergent in a neighbourhood of
the closed unit polydisk) with a bounded subanalytic map. In order to define parametric
Mellin transforms, we will need a parametric version of strong functions, where the
parameter will be the complex number s appearing in the integration kernel of the
Mellin transform.

We first give the definition of a subanalytic strong function and then proceed to define
its parametric counterpart.

Definition 2.5. For N € N, we let S~ (X) be the collection of all maps ¢ : X — RY

with components in S (X), such that 1 (X) is contained in the closed polydisk of RY
centred at zero and of radius 1. We call

NeNXx

the collection of all I-bounded subanalytic maps defined on X.
The following definition is inspired by [10, Definition 3.3] and [5, Definition 3.6].

Definition 2.6 (Strong functions). We say that W : X — F is an Fx -valued subanalytic
strong function if there are N € N*, a 1-bounded subanalytic map 1 : X — RY and
a series F' € Fg [Z] in N variables Z, which converges in a neighbourhood of the closed
polydisk DV centred at zero and of radius % in RY (we will say for short that F' converges
strongly, see below), such that W = F o 4. If furthermore |F — 1| < %, the function W
is called a strong unit (see [5, Remarks 3.7]).

We are now ready to define parametric strong functions: these can be written as certain
convergent series composed with 1-bounded subanalytic maps, but the coefficients of the

series are now (meromorphic) functions of a complex parameter s.

Definition 2.7. Let £ be the field of meromorphic functions £ : C — C and denote by
DY the closed polydisk of radius % and centre 0 € R,

Given a formal power series F' = Y, &/ (s) Z! € £[Z] in N variables Z and with
coefficients &; € &, we say that I’ converges strongly if there exists a closed discrete set
P (F) C C (called the set of poles of F') such that:

o for every sg € C\ P (F), the power series F (sg, Z) € C [Z] converges in a neighbour-
hood of DV (thus F defines a function on (C \ P (F)) x DV);
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« for every so € C there exists m = m(sg) € N such that for all zo € DV, the
function (s,z) — (s —s9)™ F (s, 2) has a holomorphic extension on some complex
neighbourhood of (s, 20);

o P(F) is the set of all sy € C such that the minimal such m (sg) is strictly positive.

Remark 2.8. It is easy to see that P (F) coincides with the set of poles of the coefficients &;
and that for each so € P (F') there is an integer m € N such that for all I, ords, (&) < m.

Definition 2.9 (Parametric strong functions). Given a closed discrete set P C C, a
function ® : (C\ P) x X — C is called a parametric strong function on X if there
exist a 1-bounded subanalytic map ¢ € S (X) and a strongly convergent series
F=5%,¢(s)Z" € £[Z] with P (F) C P such that,

V(s,2) € (C\P)x X, @ (s,2) = Fo(s,¢(z)) =Y & (s) (¥ (2).

Define A (X) as the collection of all parametric strong functions on X (defined on sets
of the form (C\ P) x X, for any closed discrete P C C). Note that if X C R? then
A(X)=E. We let

A={A(X): X CR™ subanalytic, m € N}.

Remark 2.10. Since the same ® € A (X) could be presented by two different series F
with different poles, we will say “let ® € A (X) have no poles outside some closed discrete
set P C C” to mean that there exist F, ) such that ® = Fo(s,4) and P (F) C P. By the
same argument, A (X) is a C-algebra, up to defining the sum and product on a common

domain.
2.3. Parametric powers and the Mellin transform
We introduce two parametric integral operator which will be the object of our study.
Definition 2.11.
e For X C R™ subanalytic, define
P (St (X)) ={P;: CxX — C such that Py (s,z) = f (z)°, for some f € St (X)}.
The parametric powers of S are the functions in the collection
P(S4+) ={P(S+(X)): X CR™ subanalytic, m € N}.

o Let F={F(X): X CR™ subanalytic, m € N} be a collection of real- or complex-
valued functions and ¥ C C.If f € F (X x R) is such that for all (s,z) € Ex X, y —>
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y* 1 f (z,y) € L* (R>Y), define the parametric Mellin transform of f on ¥ x X as the
function

+o0
Ms [f](s,2) = /ys_lf(axy)dy, V(s,z) € ¥ x X.

0

The parametric Mellin transforms of F on ¥ are the elements of the collection
Ms [Fl={Msx|[f]: [ as above, for some X }.

Our next aim is to define a collection of algebras of functions which is stable under
parametric integration and which contains both the parametric powers of S and the
Mellin transforms of C¢ on C (Definition 2.13). In order to motivate the definition, let
us give three simple examples.

Examples 2.12. Let X C R™ be subanalytic and a,b € S(X) be such that for all z €
X, 1<a(z) <2<b(z).

(1) Let x1 (z,y) be the characteristic function of the set
By ={(z,y): z€ X, 0<y<a(x)}

and consider the subanalytic function

fzy)=xa (Ly)”(i € S(X xR).

Since 1 < f(x,y) < 2, the parametric Mellin transform of f is well defined on
¥ ={seC: R(s) > 0}, is holomorphic in s and is given by

a(z)
o [ a@hE)
a(z)

[ (i) o

The series in the above integral converges normally on B, hence we can permute
sum and integral and write

a(z)
Ms, [](5,2) = 3 (a (@) b (z)) ™" / gk dy

k>0

[}
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o (@) 7"
=(a(2)* Y ———.
kzzo s+ k

Notice that in this computation we create both the parametric power of a subanalytic
function, and a series of functions depending on the complex variable s and on the
real variable x. The above series defines a parametric strong function on C x X, with
poles at zero and at the negative integers.

(2) Let g ={s € C: R(s) <1} and x2 (z,y) be the characteristic function of the set

By={(z,y): z€ X, y>a(x)}.

Consider the subanalytic function g (z,y) = x2 (z,v9)y (1 + b“éf;y) € S(X xR).
We aim to compute the parametric integral (with respect to the variable y) of the

function y=2 (g (z,y))". Since 0 < a(m)) < 1 on By, such an integral exists on Xy x X

and
T(gi 2 x X) = 71’52 (1 , ba<g)z/>sdy - 79”; <Z> (ba«(j)y)kdy
a(z) a(z)
S (0) (5) [t ()

alx

Again, the above series defines a parametric strong function on C x X, with poles
at the positive integers.
(3) Let h(s,z,y) = f(z,9)y* ' + vy 2 (g9 (x,y))°. Direct calculation shows that, letting

Int (h; (C\ Z) x X) = {(s,2) € (C\Z) x X : yr— h(s,z,y) € L' (R)},
we have
Int (h; (C\Z)x X)={s€C\Z: 0<R(s) <1} x X.
However, the function H defined on (C \ Z) x X by

—k 7k
o) = e X O~ e (7)1

k>0

depends meromorphically on s and can be seen as an interpolation of the integral of
h on the whole C x X.

Given a subanalytic set X C R™, recall the definitions of the algebras A (X) of paramet-
ric strong functions and C€ (X) of C-power-constructible functions, and of the collection
P (S+ (X)) of parametric powers of subanalytic functions (Definitions 2.9, 2.2 and 2.11).
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Definition 2.13. If X C RO, then define CM (X) =& . If X CR™, with m > 0, then
we let CM (X) be the A (X)-algebra generated by C® (X) U P (Sy (X)). Every function
h € CM (X) can be written on (C \ P) x X (for some closed discrete P C C) as a finite
sum of generators of the form

O (s,x)-g(x) f(2)°, (2.1)

where g € C€ (X), f € Sy (X) and ® € A(X) has no poles outside P.

If h € CM (X) can be presented as a sum of generators in which the parametric strong
functions have no poles outside some common set P C C, then we say that h has no
poles outside P. We let

M = {CM (X): X CR™ subanalytic, m € N}
be the collection of algebras of (complex) parametric power-constructible functions.
Remark 2.10 also applies to the functions in CM (X).

Remark 2.14. If h € C™ (X) has no poles outside some closed discrete set P, then for
all s € C\ P, x — h(s,z) € C® (X) and the dependence on the variables x is piecewise
analytic, by o-minimality. Moreover, by definition of A (X), for all x € X, s +—— h(s,x)
is meromorphic on C.

The main goal of this paper is to study the nature of the parametric integrals of
functions in CM. Let X C R™ be subanalytic, and consider a function h € CM (X x R™)
without poles outside some closed and discrete set P C C. Then h depends on a complex
variable s and on (m + n) real variables (let us call them z, ranging in X, and y, ranging
in R™). We integrate h in the variables y over R™, whenever the integral exists, and
study the nature of the resulting function.

The set of parameters (s,z) € (C\ P) x X for which the integral exists is the inte-
gration locus of h.

Definition 2.15. For h € CM (X x R™) and a closed discrete set P C C such that h has
no poles outside P, define

Int (h; (C\ P) x X) :={(s,2) € (C\P)x X : y+—— h(s,x,y) € Lt R™)}.
Our main result is the following.
Theorem 2.16. Let h € CM (X x R™) be without poles outside some closed discrete set

P C C. There exist a closed discrete set P’ C C containing P and H € CM (X) with no
poles outside P’ such that
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¥ (s,2) € Tnt (b (C \ P') x X)), H(s,x):/h(s,as,y)dy.
R’n

Moreover, P’ \ P is contained in a finitely generated Z-lattice.
The above examples and Theorem 2.16 suggest to introduce the following definition.

Definition 2.17. Let G (X)) be a collection of functions f : C x X — C, where X C R™
is subanalytic and f depends meromorphically on its complex variable s. We say that
G={G(X): X CR™, m € N} is stable under generalized parametric Mellin transform
if whenever f € G(X x R) has no poles outside some closed discrete set P C C, there
exist a closed discrete set P/ C C containing P and M reg (X) without poles outside
P’ such that, if g (s,2z,y) = y* ' f (5,2,Y) X(0,400) (¥), then

—+oo

V(s,z) € Int (g; (C\ P') x X), My (s,x) = /ysflf(s,x,y)dy.

0

Corollary 2.18. CM is the smallest system of A-algebras containing CC and stable under
the generalized parametric Mellin transform.

Proof. By Theorem 2.16, C™ is such a system. Let us show that it is the smallest.

Let f € S(X). Let y be a single variable and let x (z,y) be the characteristic function
of the set {(z,y) : 0 <y <|f(x)|} and consider the parametric Mellin transform of the
function (s, z,y) — f(s,z,y) =s-x(z,y) on T ={se€ C: R(s) > 0}:

+oo
Ms [f] (s.2) = / sv* " x () dy
0
[f(x)]
=s y* iy = |f (z)]°.
/

If D is a system of A-algebras containing CC, then D contains the function f, and if D is
stable under the generalized parametric Mellin transform, then D contains the extension
M of Ms; [f] to the whole complex plane. Hence P (S;) C D, ie. CM CD. O

2.8.1. Parametric powers of K-power-subanalytic functions

We consider several collections, defined via minor variations of the definition of CM,
and which we will prove to be stable under parametric integration.

Let K C C be a subfield.

In Definition 2.9, we replace £ by

Ek:={{e&: P CK}
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(where P (€) is the set of poles of £) and we define Ak accordingly.

We let CK-M (X) be the Ak (X)-algebra generated by C¥ (X) U P (Sy (X)). Every
element of C¥M (X) can be written as a finite sum of generators of the form (2.1),
where now ® € Ak (X) and g € C¥ (X).

Next, we define a similar system of algebras which furthermore contains the parametric
powers of K-powers of subanalytic functions. For this, given X C R™ subanalytic, let

P (Sflf (X)) ={P;: C x X — C such that Ps(s,z) = f ()",

for some f € §; (X) and a € K}

and CP®)M (X)) be the Ak (X)-algebra generated by CX (X) U P (SX (X)). Every ele-
ment of CP&)-M (X) can be written as a finite sum of generators of the form

O (s,2) g (x) fr ()™ f (2)™7,

where ® € Ak (X), g€ C¥(X), neN, o; €K and f; € S, (X).
Let

cKM — {CK’M (X): X CR™ subanalytic, m € N},

CcPE)LM {CP(K)’M (X): X CR™ subanalytic, m € N}.

Theorem 2.19. The statement of Theorem 2.16 also holds if we replace CM by either
CEM or CPENM (ihe closed discrete set P’ is now contained in K).

Arguing as in Corollary 2.18, it follows that C¥M is the smallest system of Ag-
algebras containing CX and stable under parametric Mellin transform. Notice that the
collection C¥ of K-power-constructible functions coincides with the collection of all func-
tions in C¥ which happen not to depend on the parameter s.

The system of Ag-algebras CP®):M also contains C¥ and is stable under parametric
Mellin transform. As a consequence of the proof of Theorem 2.19, we show (see Theo-
rem 6.3 and Remark 6.5) that the system CP(©)-M is strictly larger than CM.

3. Toolbox

Throughout this paper, X C R™ is a subanalytic set which serves as space of pa-
rameters (we never integrate with respect to the variables ranging in X). Since all the
classes D of functions defined in Sections 2.1 and 2.3 are stable under multiplication
by a subanalytic function, when studying a function f € D (X x R"), we are allowed
to partition X into subanalytic cells, replace X by one of the cells of the partition and
work disjointly in restriction to such a cell. In particular, we may always assume that X
is itself a subanalytic cell, and that all cells in X x R™ project onto X.
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If D is any of the classes defined in Sections 2.1 and f € D (X x R™), we often compute
the integral of f with respect to the variables ranging in R™. If X x R™ is partitioned
into finitely many subanalytic cells, then only the cells which have nonempty interior in
X x R™ contribute to the integral. This motivates the following definition.

Definition 3.1. Let A C X x R be a subanalytic cell. We say that A is open over X if
there are @1, 92 € S (X) U {zxoo} such that for all x € X, ¢ (z) < ¢2 () and

A={(z,y): z€X, p1(z) <y <wp2(2)}.

Notation 3.2. For z € X, define A, = {y € R": (z,y) € A}
Hence, if f € D (A), then

Int (f;C x X)={(s,2) ECxX: y—> f(s,x,y) € L' (A;)}.
Given a set A, we denote by x4 the characteristic function of A.
3.1. Non-compensation arguments

In this section we prove a result (Proposition 3.4 below) which is a crucial ingredient
of the proof of the Stability Theorems 2.4 and 2.16, and of the study the asymptotics
of the functions of our classes. The statement of Proposition 3.4 is stronger than the
result that we actually need here, since it involves both purely imaginary powers and
purely imaginary exponentials. However, the full generality of this result will be used in a
forthcoming paper, in which we will study the Fourier transforms of power-constructible
functions.

We first recall the definition of continuously uniformly distributed modulo 1 functions,
which is a key ingredient in Proposition 3.4 (for the properties and uses of this notion,
see [18]). In what follows, vol; stands for the Lebesgue measure in R?, i > 1.

Definition 3.3. Let {z} := & — |z] be the fractional part of the real number x and let
F = (fi,...,f¢) : [0,400) — R’ be any map. If I;,...,I; C R are bounded intervals
with nonempty interior, we denote by I the box H§:1 I;. For T' > 0, let

Werr:={te€0,T]:{F(t)} €I},

where {F(t)} denotes the tuple ({f1(¢)},...,{fe (£)}).
The map F' is said to be continuously uniformly distributed modulo 1, in short c.u.d.

mod 1, if for every box I C [0,1)¢,

VOll (WF,I,T)

T=¥o0 T = vole ().
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We use the c.u.d. mod 1 property in the proof of the following proposition. There,
we deal with a family of complex exponential functions having as phases the functions
in the family (o log(y) + p;(¥))je{1,....,n}- It turns out that in general we cannot extract
from this family a c.u.d. mod 1 subfamily, since log is not a c.u.d. mod 1 function
(although the family o;logy + p;(y) is, whenever p; is not constant). To overcome this
technical difficulty, we compose o;logy + p;j(y) with the change of variables y = e,
after which we are able to extract a c.u.d. mod 1 subfamily from the family of phases

(o5t +pj(e"))jef1,...n}-

Proposition 3.4. Letr > -1, b>1, v€ N, ne€ N\ {0}, ¢1,...,¢, €C, 0p,...0, €ER
and p1,...,pn € R[X] be such that p;(0) =0 for j =1,...,n. Suppose that o;log(y) +
p;(y) # orlog(y) + pr(y) for j # k, and let

n

fly) =y (logy)” Y cjy'7ies®.

j=1
The following statements hold.

(1) If f € L' ((b,400)) then ¢; =0 for all j =1,...,n.

(2) Let E(y) =327, c;y'71ePiW) where for at least one j € {1,...,n} we have c; # 0
and o;1og(y)+p;(y) # 0. There exist e > 0 and a sequence of real numbers (Ym)meN
which tends to +00, such that for allm >0, |E(ym)| > €.

(8) There exist 6 > 0 and two sequences of real numbers (Y1,m)meN, (Y2,m)meN Which
both tend to +oo, such that for allm >0, |E(y1,m) — E(y2,m)| > 0.

Proof. We may assume that at least one of the functions g; (y) = o;log(y) + p;(y) is
not constant. Indeed, since p;(0) = 0, if g; is constant then it is zero, hence in this case
n = 1 and f is not integrable unless ¢; = 0. Therefore we may assume without loss of
generality that g; is not constant, and that ¢; # 0.

If fe L' ((b,+00)), the following integral is finite for all z such that e® > b:

I(z) = / F@)l dy.
b

Performing the change of variables ¢t = log(y) we obtain

x

I(z) = / tretr+y) chei"fteipj(et) dt.

log(b) 5=l
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Set p(t) = 37, ¢;el%ite®i () and f;(t) = ot + pj(e') for j = 1,...,n. Assume that
f1,-.., fe, for £ < m, is a basis over Q of the Q-vector space generated by f1,..., fn. We
write

fe=reafi+ - +riefe, fork=~0+1,...,n,

we denote by p; the least common multiple of the denominators of 7,41 j, ..., 7y j, and we
set f; := f;j/2mp;, for j =1,...,¢ (note that this family is still Q-linearly independent).
Then

fr :27ka71f~1 +"'+27ka7gf~g, fork=¢+1,...,n,
for some my1,..., Mk € Z, and
p(t) = P(X™10) . e2mife(t)),

where P € C [Xl, e ,Xg,Xfl, e 7X[l] is a Laurent polynomial.

Note that P contains at least the monomial ¢;X; (we can always choose f; as an
element of our basis, since ¢; # 0 and g; # 0). Moreover since by hypothesis f;(t) # fi(t),
(as functions) for j # k, the monomials of P cannot cancel out. It follows that P is
not constant, and therefore the algebraic set V' := {P = 0} does not contain the torus
T := (S')*. By continuity of P, we can find a real number € > 0 and intervals A5 C[0,1),
j=1,...,¢, such that |p(t)] > € on the set

W.={t>log(b): {fiith} € A5, j=1....¢}.

We claim that the map F = (fl, e fg) is c.u.d. mod 1 (which implies in particular
that W, is nonempty). For this, we use the criterion [18, Theorem 9.9], i.e. we show that
for any h € Z* such that h # 0,

T

lim L 2™ F(1) q¢ = .
T—+oco T
1

We prove in fact that there exists Ty > 1 such that
T
J(T) — /QZﬂ'Kh,F(t)) dt
To

is bounded from above. For h € Z¢ such that h # 0, we can write (h, F(t)) = ot + p(e?),
with 0 € R and p € XR[X]. Since the components of F are Q-linearly independent,
ot +p(e?) is not identically zero (equivalently, not constant). We can assume that p # 0,
since if not, then J(T') is clearly bounded, and we are done. Let us write
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p(t) = M — et | Ee(dfl)t 4+ £t7
Qaq Qaq Qaq

for some d > 1, a; € R and aq € R\ {0}. Fix Ty sufficiently large so that ¢ — p
and t — p/(t) are strictly increasing (to +o0) on [Ty, +00), and perform the change of
variables u = p(t) in J(T') to obtain

T p(T) .

/ Smiaap(t) di / 2miaqu du
JT)= [ e = ———— du.
&) p'(p~*(w))

To p(To)

By the second mean value theorem for integrals applied to the real part of J(T'), we have

R(J(T)) = p’(lTO) / cos(2maqu) du,
p(To)

for some 7 € (p(1p), p(T)]. This shows that the real part of J(T') is bounded from above,
and so is the imaginary part of J(T') by the same computation.

Therefore F' is c.u.d. mod 1 and hence, by definition, the set W, has infinite measure.
Since

I(z) > ¢ tver Tt gy

[log(b),z]NW,

and v > 0, r > —1, this implies that

and proves (1).

To prove (2) and (3) we may still assume that ¢; # 0 and g1 # 0, by our hypothesis
on E. In this situation, since we have shown that W, has infinite measure, one can
find a sequence (t,,)men which tends to +oo, such that for all m > 0, ¢, € W,, and
therefore |¢(t,,)| > €. We set, for all m € N, y,,, = e'™, and we obtain y,, — +oo and
E(ym) = ¢(tm), which proves (2).

We proceed in the same way to prove (3). Since P is not constant on T , by continuity of
P one can find § > 0 and intervals Ag, B? C [0,1),5=1,...,¢ suchthat |p(t)—p(t')] >
for any t,#' such that t € A% := {u € R, {f;(u)} € A?,j =1,....¢yand t' € B? := {u €
R, {fj(u)} € B?,j =1,...,¢}. But since F is c.u.d. mod 1, one can find two sequences
(t1,m)meN and (t2.m)men tending to +oo, such that for all m € N, ¢;,, € A% and
ta.m € BY. Finally, we set y; ., = e/t and y2,, = e>™ to obtain (3). O
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3.2. Properties of parametric strong functions

In this section we give some examples of parametric strong functions and list their
properties. The results in this section are stated for £ and A for simplicity, but they also
hold for £k and Ak.

Examples 3.5. All (finite sum of finite products) of the following functions are parametric
strong functions (i.e. they belong to A).

o Any subanalytic strong function (as in Definition 2.6), clearly.

o (U(x))®, where U € S (X) is a subanalytic strong unit of the form U (x) = 1+Fo (),
with ¢ € S.(X), F € R[Z] and sup,cpn~ |F (2)] < 1 (where DV is the closed
polydisk in RY of radius 5) To see this, notice that the series F' = (1 + F (Z))° =
() (F (Z))" € E£[Z] is strongly convergent (without poles) and (U (z))® = F o

K3

(s, (). .
Let B = {(z,y) € (2,+00) xR: y >z} and P (s,z,y) Z& (1)2 € A(B).

Y
1>2
+oo

Then ¢ (s,z) := /(I> (s,z,y)dy € A((2,400)). To see this, integrate term by term

x2

(which is possible, since the series ¥;&; (s) Z¢ is strongly convergent) and find that

p(s,x) = Zi>0 E’j_ig )x*’ which is again a strongly convergent series with coefficients

in £, composed with the 1-bounded subanalytic function 27! € S ((2, +00)).

Remark 3.6.

e If ® € A(X) has no poles outside P, then clearly for every fixed s € (C\ P), z —
® (s, ) is a complex-valued subanalytic strong function (in the sense of Definition 2.6).
In particular, up to decomposing X into subanalytic cells, we may suppose that &
depends analytically on x.

If ®(s,x) =Fol(s,¢(x)) € A(X) is a parametric strong function then

{5, ()0 (x) : Ie NN}

is a normally summable family of functions: the family {SqueX ’51 () (m)I)} -

[0,1] is summable. In particular, if F is obtained from F by taking the sum only over
some subset of the support of F' and rearranging the terms, then F o (5,7 (x)) is a
parametric strong function (without poles outside the set P (F)).

Remark 3.7.Let (Z,Y) be an (N + M)-tuple of variables and F(s;Z,Y) =

DNIINAC)) Z'y7 € £[Z,Y] be a strongly convergent series. Then, for all J € N
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the series F; := >, &5 (s) Z1 € £[Z] is strongly convergent. Moreover, for every 1-
bounded subanalytic map ¢ : X — R¥, we have &5 (s,z) := Fjo (s,c(z)) € A(X).
Furthermore the series F. := Y, &5 (s,2) Y/ € A(X)[Y] is strongly convergent, in
the sense that the family {£;. (s) := &5 (s,2)},, € € has a non-accumulating set of
common poles with bounded order and the series >, €5 (s,2) Y7 defines a function on
(C\ P) x X x DM which is meromorphic in s and analytic in (z,Y).

It follows that, for every l-bounded map v : X — RM, the parametric strong
function @ (s,z) := F o (s,c(x),7v(z)) can also be written as the strongly convergent
power series F, (with suitable parametric strong functions as coefficients), evaluated at
Y =~ (x). Wecall Foo(s,v(x))=>,£5(s,2) (v ())” a nested presentation of ®.

We will often apply the above to the following situation: let B C R™*! a subanalytic
set such that the projection onto the first m coordinates of B is X. Fix coordinates
(x,y), where z is an m-tuple and y is a single variable. Suppose that (c(z),v (z,y))

is a 1-bounded subanalytic map on B, where the first component only depends on the
variables z. Then the nested presentation of F o (s,c(z),v (z,y)) € A(B) is of the form

Foo(s,y(@9) =Y & (s,2) (v (@,9)”, (3.1)
J

where the coefficients £5 now belong to A (X).

Remark 3.8. Let s be a fixed real or complex number. Then Examples 3.5, Remarks 3.6
and 3.7 also apply to real- or complex-valued subanalytic strong functions.

3.3. Subanalytic preparation
Let K C C be a subfield and recall that Fg is R if K C R and C otherwise.
Definition 3.9. Let X C R™ be a subanalytic cell and
B={(z,y): z€ X, a(z) <y<b(z)}, (3.2)
where a,b: X — R are analytic subanalytic functions with 1 < a (z) < b(zx) for all z €
X, and b is allowed to be = +o00. We say that B has bounded y-fibres if b < 400 and

unbounded y-fibres if b = 4o00.

o A 1-bounded subanalytic map ¢ : B — RM+2 ¢ SM+2(B) is y-prepared if it has
the form

(3.3)

<
—~
&
NS
N~—
Il
/N
—
oS
7N
S
< |w
S~—
N~
=
N
S
3
S~—
N~~~
Al
~_—
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where d € N.
If b = 400, then we will implicitly assume that the last component is missing and
hence 1) : B — RM+1,

e An Fg-valued subanalytic strong function W : B — Fg is ¢-prepared if ¢ is a
y-prepared 1-bounded subanalytic map as in (3.3) and

Wi(z,y) = Fot(z,y),

for some power series F' € Fx [Z] which converges in a neighbourhood of the ball

of radius % Notice that W has also a nested presentation (see 3.7) as a strongly

convergent power series with coefficients Fg-valued subanalytic strong functions on

1 1
X, evaluated at v (z,y) = ((%) ‘) (ﬁ) d)

o A subanalytic function f € S (B) is prepared if there are v € Z, an analytic function
fo € S(X) and a -prepared real-valued subanalytic strong unit U (for some % as in
(3.3)) such that

fay) = fo(@)yaU (z,y)

Let us recall some notation from [5, Definitions 3.2, 3.3, 3.4 and 3.8]. In partic-
ular, A C R™*! will be a cell open over R™ (it will always be possible to sup-
pose that the base of A is X C R™) with analytic subanalytic centre 64 and
such that the set Iy := {y—0a(x): (z,y) € A} is contained in one of the sets
(=o00,-1),(-1,0),(0,1),(1,400), as in [5, Definition 3.4]. We now perform a change of
coordinates with the aim of mapping the set 74 to the interval (1, 4+00): there are unique
sign conditions 04,74 € {—1,1} such that

A={(z,y): v € X, aa(z) <oa(y—0a(x)™ <ba(z)} (3.4)
for some analytic subanalytic functions a4, b4 such that 1 < ayu (x) < ba (x) < +oo. Let
By={(z,y): z€ X, aa(x) <y <ba(x)} (3.5)
and II4 : B4 — A be the bijection
ILa (z,y) = (z,04y™ + 0. (2)), I3 (2,9) = (z,04 (y = Oa (x))™).  (3.6)
We will still denote by IT4 the map C x Ba 3 (s,z,y) — (5,114 (z,y)) € C x A.
Remark 3.10. By [5, Definition 3.4(3)], if A is a cell of the form A = {(z,y) : = €

X, y> f(x)}, thenog =74 =1 and 04 = 0. Hence in this case ag = f, by = +00 and
By = A.
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Proposition 3.11 (/20] [5, Remark 3.12]). Let F C S(X x R) be a finite collection of
subanalytic functions. There is a cell decomposition of R™t! compatible with X such
that for each cell A that is open over R™ (which we may suppose to be of the form (3.4))
and for every h € F, holly is prepared on Ba.

4. Preparation of (parametric) power-constructible functions

Let K C C be a subfield and recall that Fg is R if K € R and C otherwise. In this
section, y will be a single variable. For each of the classes introduced in Sections 2.1
and 2.3, we will give a prepared presentation of its elements, with respect to the last
subanalytic variable (denoted by y).

4.1. Preparation of power-constructible functions

Definition 4.1. Let B be as in (3.2). A generator T of the Fg-algebra C¥ (B) is called
prepared if

T (z,y) = Go (z)y* (logy)" W (z,y), (4.1)

where Gy € C¥ (X), n € K, p € N and W is a ¢-prepared Fg-valued subanalytic strong
function, for some 1-bounded v as in (3.3).

It follows from Remark 3.8 that, in the notation of (3.1), if B has bounded y-fibres
(i.e. b < 400), then W can be written as

: a <x>) “ ( y )3
T — , 4.2
5 in (=) (5 (12
and if B has unbounded y-fibres (i.e. b = 4+00), then W can be written as
e (a@)
CIC (1.9
& )

Proposition 4.2. Let F C C¥ (X x R) be a finite collection of K-power-constructible func-
tions. Then there is a cell decomposition of R™+! compatible with X such that for each

cell A that is open over R™ (which we may suppose to be of the form (3.4)) and each
he F, holla is a finite sum of prepared generators of the form 4.1.

Proof. The proof is a straightforward refinement of the proofs of [10, Corollary 3.5]
and [5, Proposition 3.10]: one prepares first all the subanalytic data appearing in h,
by Proposition 3.11, and then observes the effect of applying log or a power n € K to
a subanalytic prepared function. In particular, notice that if U (x,y) is a t-prepared
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subanalytic strong unit, then U" is again a i-prepared Fg-valued subanalytic strong
unit. 0O

4.2. Preparation of parametric strong functions

Let K C C be a subfield and refer to the definitions of &k, Ak in Section 2.3.1.

Definition 4.3. Let B be as in (3.2). A parametric strong function ® € Ak (B) is called
Y-prepared (where ¢ is as in (3.3)) if there exists a strongly convergent series F' =
S &1 (s) Z! € &k [Z] such that

V(s,z,y) € (C\ P(F))x B, ®(s,z,y) =Fo(s,¢(x,y)). (4.4)

Notice that if @ is ¢-prepared, then ® has a nested presentation (see Remark 3. 7) as
1
a

%))

V(s,z,y) € C\ P(F) x B, ®(s,z,y) Zg ( ;x))%(ﬁ>%7 (4.5)

a power series with coefficients in Ak (X), evaluated at v (z,y) = ((a(y 2

where €5, . (5,2) = X2, Emun (5) (e (2))” € Ak (X).

Remark 4.4. Let ® € Ak (B) be t-prepared, as above. If B has unbounded y-fibres (i.e.
b = +o0 in (3.2)), recall that

b (e,y) = <c<:c>,( ;

hence the nested -prepared form of ® is

S
—~
8
~
N———
-
N——
S
=2}
~

V(s,z,y) € (C\ P(F))x B, ®(s,z,y) ka $,) (a(x)) , (4.7

where €8 (s,2) = 3, €51 (5) (e (2))” € Ak (X).

Lemma 4.5. Let F C Ak (X x R) be a finite set of functions ® which have no poles
outside some closed discrete set P C K. Then there is a cell decomposition of R™T1
compatible with X such that for each cell A that is open over R™ (which we may suppose
to be of the form (3.4)), each ® oIl is y-prepared on (C \ P) x By (for some y-prepared
1-bounded subanalytic map 1 as in (3.3)).

Proof. We will consider the case of a single function ® for simplicity of notation (the
general case is obtained by taking as ® the product of the functions in F). Write ® =
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Go(s,n), where G =Y, o1 (s) TT € E[T] is a strongly convergent series in N variables
Tand = (n1,...,mn) : X x R — R¥ is a 1-bounded subanalytic map.

Apply subanalytic preparation (Proposition 3.11) to the components of 7. This yields
a cell decomposition of X x R such that, if A is a cell of the form (3.4), then the

1 1
components of noll4 are {-prepared B4, where 1 (x,y) = <é (x), (aAT(m)) ‘ , (bA%a:)) d)

is a y-prepared strongly subanalytic map:

2.

njolla(z,y) = ¢; (@) y v (z,y) (1<j<N),

where ¢; € §(X) is analytic, ¢; is an integer and v, is a @—prepared strong unit. By

‘.
rescaling the unit, we may furthermore assume that ‘cj (z)y+| < 1 on the closure of

B 4. Partition

{1...Ny= {J

*e{<,=,>}
/.
RUMGE R
*e{<,=,>}
and notice that the subanalytic map ¢ := (¢1,...,¢én) given by

(jeds)
G (z) =4 ¢; (z) (J€J=)
(jels)

is 1-bounded. Hence,

njola (z,y) = & (x)v; (x,y) (j€J=)

and, for I = (iy,...,iy) € NV,

(nj o TLa (2,9))" = ¢ ()" f15 (2,y),

where

f15(@y) = § (v (x, y)
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Notice that the fr; are @—prepared subanalytic strong functions, hence so is their
product fr (z,y) := ]_[j<N fr.; (z,y). Therefore, there is a strongly convergent power
series with coefficients in Fg

Fr= Y dimaZ"V"Y] € Fx [2,Y1,Y)]

K,m,n
K,mmn

such that f; (z,y) = Fy o1 (2, y).
Therefore, on B4 we can write

Dolly (s,z,y) =

= > e meli(ey)

T=(i1,0myin) Kmn !
_ LKZ;” ndK’m’nw (s) (@ (2) (e(a)" (aAy(m)>m (bAy(x)>n

Now, if we let I = (I, K) and
ff,m,n (S) = d;(,m,ngof (S> 9

then the family {5 f’m,n} is strong and the series

F= Z ff,m,n (S) Zi}/im}/Zn € &k [[Zv Y, Y2]]

I, m.n

is strongly convergent (with P (F) = P(G)). Let c(z) = (é(x),é(x)). Then, in the
notation of (3.3), on B4 we have

QOHA (87x’y) = FO (87w(x’y))7
so ® o (5,114 (x,y)) is ¢-prepared on By, as required. O
4.3. Preparation of parametric power-constructible functions

In this section we let D be either C¥-M or CP&)-M (see Section 2.3.1).
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Definition 4.6. Let B be as in (3.2) and P C K be a closed discrete set. A generator
T € D (B) with no poles outside P is prepared if for all (s,z,y) € (C\ P) x B,

ls

T (s,2,y) = Go(s,2)y @ (logy)" ® (s,2,y), (4.8)

where Gy € D(X), £,n €K, pe N and & € Ak (B) is a ¢-prepared parametric strong
function (see Definition 4.3). If D = C¥M_ then we require that ¢ € Z.

Proposition 4.7. Let P C K be a closed discrete set and h € D (X x R) have no poles
outside P. Then there is a cell decomposition of R™T1 compatible with X such that for
each cell A that is open over R™ (which we may suppose to be of the form (3.4)), holly
is a finite sum of prepared generators on (C\ P) x By.

Proof. Suppose first that D = CP®):M_ Write h as a finite sum of generators of the form

T(S,J},y) =(I>(8,x,y)-g(ac,y)-f1 (x)y)a1s.“._fn(x7y)ans7

with ® € Ag (X xR), g € CK(X xR), fi € Sy (X xR), a; € K. Apply Proposi-
tion 3.11 simultaneously to all the f; and to all the subanalytic data in all the ® and g
appearing in the generators. This yields a cell decomposition of X x R such that on each
cell A with centre 04, there is a y-prepared subanalytic map v as in (3.3) such that,
after composing with II 4 all the subanalytic functions considered above are prepared. In
particular, each of the f; appearing in the parametric power, after composing with II4,
has the form

0.

-fj (‘T) yTJUj (SC, y) )

where fj € S84 (X), ¢; € Z and Uj € S(Bj,) is a 1p-prepared subanalytic strong unit.
Hence, by the second of Examples 3.5, Z; (s, z,y) := |U; (z,y)|” € Ak (Ba) and is 9-
prepared.

Apply Proposition 4.2 to prepare each g o Il 4, which can be hence written as a finite
sum of terms of the form

nj »
gj (z)y@ (logy)™ W; (z,y),

where v; € N, n; € K, g; € C¥(X) is analytic and W; is an Fg-valued ¢-prepared
subanalytic strong function on B 4.

Apply Lemma 4.5 to ¢-prepare each ® oIl4 on By as Fj o (s, (x,y)), where 9 has
now some extra components depending only on the variables z. Notice that this does
not affect the preparation work already done.

Finally, define G, (s,z) = fj (#)*° g; (z) and ®; (s, x,y) = Fjo (s, (z,y))-W; (z,y)-
Z; (s,2,9). Then clearly G; € C¥M (X) and ®; € Ak (Ba) is 1-prepared, with no poles
outside P, hence we have written h o Il 4 as a finite sum of terms of the form
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aZZZ'3+'r]Z~

Gj(s,x)-y~ @ - (logy)” ®; (s, z,y)

and we are done.
If D = CX¥M_ then repeat the above proof with n = a3 = 1. O

5. Integration of prepared (parametric) power-constructible generators

In this section we let D be either C¥-M or ¢PK).M,

Given a cell B C R™*!, we study the integrability, and compute the integral, of a
prepared generator of D (B).

Let B be as in (3.2) and T' € D (B) be a prepared generator with no poles outside
P (for some discrete closed set P C K). We aim to study the nature of the parametric
integral

b(x)
/ T(S7x’ y) dy? (5.1)
a(z)
for all (s,z) € (C\ P) x X such that y — T (s,z,y) € L* (B,).
We prove that there exist a closed discrete set P’ O P and a function H € D (X)) with
no poles outside P’ such that the above integral coincides with H.

We start by recalling the classical formula to compute the antiderivative of any power-

log monomial in y.

Lemma 5.1. Let £,y € K, d,u € N with £,d # 0. Let s € C such that {s+~y # —d. Then

£st+~y+d
d

n
s+ i
/y i (logy)" dy = ZCW (logy) (5.2)

— (ﬁs _’_,y_’_d)/ﬂrl*i?
where ¢, ; = (—1)F" 1=,
5.1. Cells with bounded y-fibres

Recall that B is as in (3.2) and suppose that b < +00. Let T € D (B) be a prepared
generator (as in (4.8)) without poles outside some closed discrete set P C K. We study
the integrability of T on B: since B has bounded y-fibres, the function y — T (s, z,y)
extends to a continuous function on the boundary of B,, hence the integral

b(z)

/ T (s,2,y)dy
a(z)

is finite. Let us compute it.
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Let

P PU{s: ts+nelZ} ifl+#0,
o\ p if ¢ =0.

There are several cases to consider.
o If ¢ #£ 0, then, for (s,2) € (C\ P’) x X, we deduce from Lemma 5.1 and normal
convergence that

b(z)
/ T(s,z,y)dy (5.3)
a(z)

_ZZ ¢u,iGo (8,2) Emm (5,2)  (a (ac))% . [ Lstntd—mtn ogy)z}
i Ustntd—m4n) T (b(x)d a(x)
a(z) @
H €<+ﬂ+d gmvn (S7x) <%)
= c..iGo (s,z) (b(x log b ‘
;”’ 0(s,2) (b (@) (logb (z)) L (Us+n+d—m+n)TT

(Us+n+d—m+n

il ls+n+d z
- E cu,iGo (s,2) (a(x)) (loga (x E
=0 ,

As a consequence of the Dominated Convergence Theorem, the fact that Vo € X, 1 <
a(z) < b(x) < 400 and the results in Section 3.2, the expressions

a(x % alx %
Z Emon (8,2) (b&;) Z Emn (8,2) (%)
e 1
o Us+n+d—m+n)t (s +n+d—m+n)"

define functions in A (X)) without poles outside P’.

e If / =0 and n ¢ Z, then the above equation holds for all (s,z) € (C \ P) x X, since
the denominator does not vanish.

e If £/ =0 and n € Z, then we split ® into the sum of two (still strongly convergent)
series, by isolating the indices which contribute, in T, to the power y':

(s, z,y) = O (s,2,y) + P (s,2,9)

m

CE () (@) ¢ en ()

m,m: m,n:

m=n+d+n m#n+d+n

7 (@@ a0 ()
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CE e ()" ()

m,mn:

m#n+d+n

The integral of Ty (s, z,y) := Go (s,z)yd (logy)" ® (s,z,y) is computed as in the
previous cases, and the denominators never vanish.
As for T— (s, z,y) := Go (s,z) y (logy)" ®_ (s, x,y), for (s,z) € (C\ P)x X, we have

b(x)
[ T (s = Ga ) (0 @) s (50) (5
a(z) "

i (logb ()"
w1

SRS
S— [ ——
\—/

:u

@ (loga (z))"*!
p+1 '

8
N—
2l

—Go(s,7)(a (:c))Ljd Z§n+n+d,n (s,2) (Zéw))

Hence we have shown that there is H € D (X) without poles outside some closed
discrete set P’ O P, such that

b(x)
Y(s,2) € (CAP)x X, H(s.)= [ T(s,0,0)d.
a(z)

Remark 5.2. If £ = 0 then H has no new singularities. If £ £ 0, let o € P’\ P. Since for all
(z,y) € B, the function s — T (s, z, ) is holomorphic and bounded in a neighbourhood
of o, by differentiation under the integral sign, the integral f;((f)) T (s,z,y)dy is also
holomorphic in a neighbourhood of ¢. Since such an integral coincides with H on a
deleted neighbourhood of o and s — H (s, ) is meromorphic, ¢ is not a pole of H but
a removable singularity. Hence,

b(x)
H, (x):= SliHmUH(s,gc) = Shl{lg / T (s,z,y)dy
a(x)
b(x) b(x)
= / lim T (s,z,y)dy = / T (o,z,y)dy.
S—0

a(x) a(x)

The rightmost integral can be computed in a similar way as we did above for the case
¢ =0,n € Z (where now we split the series according to the condition m = lo+n+d+n)
and the computation clearly shows that H, € C¥ (X).

Finally, notice that every o € P’ \ P has the form ¢ =
that if £ and/or n are in K, then so is o.

”O_L,"_d for some vy € Z, so

Hence, we have proven the following statement.
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Proposition 5.3. Let B be as in (3.2) with b < +00, K C C be a subfield and let D be
either CE&M or CPE)M et T e D (B) be a prepared generator with no poles outside P
(for some discrete closed set P C K), as in Definition 4.6. Let

P =PU{seC: ls+neZ}CK.
Then

Int (T (C \ P) x X) = (C\ P) x X

and there exists a function H € D (X) without poles outside P’ such that

and Vx € X, the function s — H (s,x) can be holomorphically extended at s = o by
setting H (o,2) = Hy ().

Remark 5.4. The proposition also applies to any finite sum of prepared generators on the
bounded cell B, with P’ a finite union of closed and discrete sets and P’ \ P contained
in a finitely generated Z-lattice.

5.2. Cells with unbounded y-fibres

We now introduce a type of function in D (X x R) which has a particularly simple
expression in the last variable y.

Definition 5.5. Let A C X X R be a subanalytic cell which is open over X (see Def-
inition 3.1). A function h € D (A) without poles outside some closed discrete set
P C K is Puiseuzr in y if there are ¢,n € K, d € N\ {0}, ¢ € N and a collection
{gr (8,7)} ey € D (X) such that for all s € C\ P, the series of functions

_k
o (s,2,y) =Y g (s,x)y
k

converges normally on A and V(x,y) € A, C\ P 3 s — ¢ (s,a,y) is holomorphic, and
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tsty
his,z,y)=¢(s,z,y)y * (logy)" ng sa)y 4 (logy)*.  (5.4)

We call the tuple (¢,7,d, ) the Puiseuz data of h.

Remark 5.6. Let B be as in (3.2) and T € D (B) be a prepared generator (for some
y-prepared 1-bounded subanalytic map 1) as in (3.3)). If B has unbounded y-fibres, then
T is Puiseux in y.

We now turn our attention to prepared generators of D (B), where, in the definition
(3.2) of B, we have b = +o00. More generally, in what follows we will suppose that
T € D(B) is a finite sum of prepared generators (where 1) is as in (4.6)), sharing the
same Puiseux data and without poles outside some closed discrete set P C K. Hence,
for some ¢,n € K, u € N, T has the form

T (s,2,y) ZT 8,2, Y)

J<N
];VG s,z)y o (logy) Zé}k s, ) (aijx))g (5.5)
— 4 (logy)* th (5.2) (a;x)>§7

k

where hy = ZjSN ngj,k S D(X)

First, we describe Int (T; (C \ P) x X). Let my (s,y) = y (logy)" and notice
that, since a (x) > 1 and since for all s € C the real parts of the exponent of y in my
and my are different if k #£ &/,

Int (73 (C\ P) x X) = () Int (hxmy; (C\ P) x X).
keN

o If / # 0 then

Int (hymi; (C\P)x X)={se€C\P: R(ls+n)+d—k<0} xX
U{(s,2) e (C\P)x X : R(ls+n)+d—k>0Ahy(s,z) =0}

and hence, if
So={se€C: RMUs+n)+d<0}and S, ={s€C:i—1<RUs+n)+d<i}(i>1),

then
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Int (73 (C\ P) x X) = (So x X)U | J {(s,m) €(Si\P)xX: N hi(s,2) :0}.
i>1 k<i
(5.7)
e If / =0 then

(C\P)x X if R(n)+d—k <0

Int(hkmk;(C\P)XX){{(va)e((c\P)xX: hi (s,x) =0} ifR(n) +d—-k>0

and hence, if kg = [R ()] + d, then

It (T;(C\P) x X)={ (s,2) € (C\P)x X: N hi(s,2)=0p.  (58)
k<ko

Let

Pl:{PU{sE(C: R(ls+n)+deN} if££0 (5.9)

P ifte=0

Notice that (P"\ P)N Sy = 0.

Our next aim is to show that there exists H € D (X), with no poles outside P’ such
that H coincides with the integral of T" on its integration locus.

In the notation of Lemma 5.1, let

hi (s, x)
(bs+n+d— k)"

Hy(s,2) = —(a(2)) 4 3 cus (loga ()’

i<p

and define

> Hi(s,x) ifL#0
k>0
H (s,z) =

> Hi(s,x) if€=0

k>ko
By the results in Section 3.2, H € D (X) and has no poles outside P’, and by Lemma 5.1,

+oo
V(s,z) € Int (T;(C\ P') x X), / T (s,z,y)dy = H (s,z).
a(x)

If ¢ = 0 then H has no new singularities, whereas if £ # 0 then the new singularities are
located in (C \ Sp) x X and are in general not removable.
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Remark 5.7. If D = C®M then the sets S; (i > 1) in (5.6) are vertical strips in the
complex plane of fixed width %. The points ¢ € P’ \ P lie on the boundaries of such

strips and their imaginary part is equal to 3277) If D =CPEM where K R, then
¢ € K and the sets S; are parallel (not necessarily vertical) strips of fixed width. The
points ¢ € P’ \ P again lie on the boundaries of such strips and satisfy the equation
RS (0)+S () R(0)+S (n) = 0. In both cases, the set P'\ P is contained in a finitely
generated Z-lattice and hence P’ is closed and discrete.

Hence, we have proven the following result.

Proposition 5.8. Let B be as in (3.2) with b = 400, K C C be a subfield and let D be
either C¥M or CPE)M | Let T € D (B) be a finite sum of prepared generators sharing
the same Puiseux data, as in (5.5), with no poles outside P (for some discrete closed
set P CK). Then Int (T; (C \ P) x X) is described as in (5.7) (if £ #0) or in (5.8) (if
£ =0) and, for P’ as in (5.9), there exists a function H € D (X) without poles outside
P’ such that

V(s,z) €eInt (T;(C\ P)x X), H(s,xz)= /T(s,x,y)dy.

6. Stability under integration of (parametric) power-constructible functions

This section is devoted to the proof of the results of stability under parametric inte-
gration in Section 2.

For the rest of this section we let D be either C¥-M or ¢PK).M,

We will first prove stability under integration when we integrate with respect to a
single variable y. In this case, we can also give a description of the integration locus.
The strategy is the following: we prepare the function we want to integrate with respect
to the variable y. This produces a cell decomposition such that on each cell, in the
new coordinates the function is a sum of prepared generators. If the cell has bounded
y-fibres, then the function is integrable everywhere in restriction to such a cell, and we
have already shown (see Remark 5.4) that the integral can be expressed as a function
of D. If the cell has unbounded y-fibres and the prepared generators all share the same
Puiseux data, then we know how to conclude by the results of the previous section. It
remains to consider the case of a sum of generators who have different Puiseux data. Such
data induce a partition of C into areas (see (5.6)) which are involved in the description
of the integrability locus. In order to deal with different Puiseux data, we introduce the
notion of non-accumulating grid.

Definition 6.1. Given N,d € N* and {(¢;,n;) : 0 <i < N} C K2, define

Eio,— =0,
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Eioo={s€C: Ris+mn)+d<0} (i<N),
Ei’j’,:{SG(C: %(&S-‘r’m)—l-d:]—l} (i§N7j€NX),
Sijo={s€C: j—1<R(ls+mn)+d<j} (i<N, jeN*).

A collection of sets (partitioning C) of the form
G = {Ei’j’* < N, je N7 * € {—,0}}

is called a non-accumulating grid of data {N,d, (¢o,m0) ..., Un,nn)}. Note that if ; =0
then Vj € N,V« € {—, 0}, E; ;. is either empty or the whole C.
A G-cell is a nonempty subset ¥ C C such that

VZegG, ENS=0orNCE and S =(|{E€G: T CE}.

We let R (G) be the collection of all G-cells. The G-cells are convex and form a partition
of C. Each G-cell either has empty interior (an isolated point, a segment or a line) or is an
open subset of C containing an open ball of radius €, for some ¢ = € (G) > 0 depending
only on G (hence the word “non-accumulating”). Given a G-cell ¥, there are functions
Jg:{0,..., N} — Nand xx : {0,..., N} — {—, 0} such that ¥ =,y Ei ju i) sn(i)-

If all the ¢; are in R*, then we say that G is a wvertical non-accumulating grid. In
this case, the cells with empty interior are points or vertical lines, and the open cells are
vertical strips of width > ¢, for some ¢ = ¢ (G) > 0.

Example 6.2. Let N,d € N*. For ¢ < N, let T; be a sum of prepared generators on an
unbounded cell, sharing the same Puiseux data (¢;,7;,d, ;) (as in (5.5), see Remark 5.6),
without poles outside some closed discrete set P C K. Consider the non-accumulating
grid of data {N,d, (¢o,m0) ;... (En,nn)} and let X = oy Eijn(i) ) € R(G) be a
G-cell. Then

Int (T3 (B\P) x X) ={ (s,2): s€ S\ P, N\ gir(s,2)=0p,
k<jx(i)

where g; , € D (X) are the coeflicients in the series expansion (5.4) of T;. It follows that,
if we rename

{g%: kGJz}Z{gi,ki i <N, k<js()},

then

ﬂlnt(n;(z\P)xX)—{(s,x); sex\ P, N gE(s,m)—o}.

i<N ke€Js
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Theorem 6.3. Let K C C be a subfield and let D be either CEM op cPEM et PCK
be a closed discrete set and h € D (X x R) be with no poles outside P. There exist a
closed discrete set P' C K, containing P and contained in a finitely generated Z-lattice,
and a function H € D (X)) without poles outside P' such that

V(s,z) € Int (h; (C\ P') x X), /h(s,x,y)dy:H(s,w).
R

Moreover, there exists a non-accumulating grid G as in Definition 0.1 such that

Int (h; (C\ P') x X) = U {(871'): seX\ P, /\g,?(s,x)zO}, (6.1)

YeP(9) keJs
for a suitable finite set Jx, and suitable g% € D (X) without poles outside P.

Proof. Apply Proposition 4.7 to h to find a cell decomposition of R™*! such that on each
cell By asin (3.5), holl, is a finite sum of prepared generators (for some y-prepared 1-
bounded subanalytic map ¢ 4). We may suppose that X itself is a cell and we concentrate
on the collection X of all the cells of the decomposition which have X as a base, and
which are open over R™. Since Int (h; (C \ P) x X) = (4cp Int (h-xa;(C\ P) x X)
and

V(s,z) € Int (h; (C\ P) x X), /hsmydy—z:/hsxy) xa (z,y) dy,
AeX j

it is enough to prove the theorem for the functions h - x 4.
For A € X, we can write

holly (s,z,y) = ZTAsacy
i<Ma

where each T/* € D (B,) is a prepared generator. Recall the notation in (3.4) and note
that

agyA (z,y) = oaTay™ "
Define
T (s,m,y) = oaTay™ T (s,2,y).
Then,

Int (T oI1;'; (C\ P) x X) = Int (T;*; (C \ P) x X)
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and V(s,z) € Int (h - xa; (C \ P) x X),

ba(x)
[ran) = [ honm,x,yy%(x,y)dy
R aa(zx)
ba(zx)
> T (s,wy)dy
as(z) "SMa

If B4 has bounded y-fibres, then by Proposition 5.3 and Remark 5.4,
Int (T (C\ P) x X) = (C\ P) x X

and there are a closed discrete set P, C K (containing P and contained in a finitely
generated Z-lattice) and functions H;* € D (X) without poles outside P/, such that

V(s,x) € (C\ Py) x X, ZHAsx /hsxy) xa (s,2)dy.

i<Ma
If B4 has unbounded y-fibres, then consider the prepared generators TiA (which are

Puiseux in y, of Puiseux data (¢}, n},d, u;)). Suppose that there are i # j < My such
that £; = £}, p; = p; and n; —n; = v € N. Write

(s,z,9) Zg]ksx

Zﬂys+n{—k /"'/‘
- Z hj,k: (S, l’) ) d (log y) “y
k

;+nj—k

(log )"

where

0 itk <v
hjr(s,x) =14 _ ) .
ik—v fk>v

Now T/ and TJA share the same Puiseux data (and so do T/* ans TjA). Hence, by summing
together all generators which share the same Puiseux data, we may write

Z TZ—A(s,m,y): Z Tz‘(&%y%

i<Ma i<Na

where Ny € N and, if T = oatay™ T},

’5 s+m
(s,z,y) Zglk 8, 1) (logy)’” € D(Ba) (6.2)
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is a finite sum of prepared generators on the unbounded cell B 4 sharing the same Puiseux
data (67,7 Nis da ,u%) MOI‘GOVGI‘, Vi 7& j S NA7 (fh iy ,u%) 7é (£j7 773; Mj) and if (Zw /j/z) -
(¢, ;) then n; —n; & Z. Let

Py,=PuU{seC: Fi<Npst. l;#0and l;s+n +deN}.

Apply Proposition 5.8 to each T; and find H; € D (X) without poles outside P, such
that

+o00
V(s,z) € Int (T3; (C \ Py) x X), H; (s,z) = / T; (s,z,y) dy.

aa(x)

Clearly, ;< y, Int (T3; (C \ P) x X) C Int (h- xa; (C\ P) x X) and

Y(s,a) € (VInt (1 (C\ P) % X), [ hs,2,0) - xa (w9) dy = Ho + - + Hy.
R

K2

Recall that the description of the above integrability locus is given in Example 6.2, with
respect to the non-accumulating grid G4 of data {Na,d, (¢o,m0),.-., Un., N, )} We
would hence be done if we could show that the integrability locus of h - x4 coincided
with the intersection of the integrability loci of the 7;. This is the case, outside a closed
discrete set, as we now show.

Let

Py={seC: Ji#j<Nast. pu=pj l;#and ({; —4;)s+ (n; —n;) € Z}
(6.3)

and notice that P C K is contained in a finitely generated Z-lattice. Note that Vs €
C \ P}, the tuples

<&‘S+m —k

d 7/’61') ISZSNA,kEN

are pairwise distinct.

We now show that Int (h - xa;(C \ P}) x X) =, Int (T;; (C \ PJ) x X).

Let ¥ = (;cn Zijn(i)sn(i) Pe a Ga-cell, in the notation of Example 6.2, and let
(s0,x0) € Int (h - xa; (X \ PY) x X). For all (s,2,y) € (X\ PY) x Ba, write

Na N4 js(i)-1 P
ZTZ (Sax,y) = 9i.k (Sax)y o (logy)u1
1=1 =1 k=0
Na Lis+n;—k 1
+ ik (s;x)y~ @ (logy)™
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= h‘i,l (87‘7:7 y) + hi,Q (vaay)

and notice that Int (b 5; ¥ x X) = ¥ x X, s0 (so,20) € Int (b 1;(X\ PJ) x X). Re-
name the (finitely many) terms appearing in the double sum defining hil as

{sz (s,2) y**+Pi (logy)" }jeJE

and let
a; = R(a;s0+ B;), by = (a;s0+ 55).

Recall that (aj,b;) # (a;,bj) whenever v; = v}, since so ¢ Pj. Let (ag,vp) be the
lexicographic maximum of the set {(a;,v;): j € JJn}andlet Jo={j € Js: (aj,v;) =
(ao, Vo)}. Write

W31 (s0,20,9) = 4™ (logy)” Y 97 (s0,20) 4™ + D g5 (s0,20) 4™ (logy)™ .
j€Jo j€Js\Jo

Since (sg,z¢) € Int (hi,ﬁ (Z\ PJ) x X), it follows from Proposition 3.4 (in the case
where all the polynomials p; are identically zero) that A, ; gjE (s0, o) = 0. By repeating
this procedure with the index set Jx \ Jy, we end up obtaining that

/\ ng (8071}0) = Oa

Jj€Js

i.e. (sg,0) € ﬂz‘gNA Int (T3; (X \ Pj) x X).
Summing up, if we define P” = | J{P} : B4 unbounded}, G := (J{G4 : B4 unbounded}
and P':=J e Py U P”, then the proof of the theorem is complete. O

Remark 6.4. In the previous proof, if o € PY, then we rewrite the functions T; (o, z,y)
by regrouping the terms with the same exponents. We obtain thus new functions T; , €
CC (X x R) (seen as functions in CM (X x R) which happen not to depend on s) to
which Proposition 5.8 applies and such that, if h, (z,y) = h (0, 2,y) - xa (z,y), then

Int (he; X) = ﬂlnt (Ti0; X) .

Moreover, if o € PJ \ P/ then o is not a singularity of either of the H; and, since the
computation of the integral is done integrating term-by-term, it is still the case that

/h<a,x,y>.xA (2.y)dy = Hy (0,2) + -+ Hy (0,2)
R
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Remark 6.5. The non-accumulating grid G in Theorem 6.3 is vertical in all but the
case D = CPE)M with K ¢ R. This implies in particular that the system CP(©)M
is strictly larger that the system CM: for example, if h € CP(©)M (X x R) is a finite

sum of generators which are Puiseux in y on some cell A with unbounded y-fibres (see

Definition 5.5), where the real and imaginary parts of the exponents ¢ appearing in

the Puiseux data are all nonzero, then the integration locus of h in (6.1) is based on a
non-accumulating grid which is not vertical. Hence h cannot be an element of CM.

We now conclude the proof of Theorem 2.19, using Fubini’s Theorem.

Proof. We argue by induction on n € N*. If n = 1 then it is Theorem 6.3. We prove
the case n + 1: let y be an n-tuple of variables and let z be a single variable, and
consider h € D (X x R™*!) without poles outside some closed discrete set P. By Fubini’s
Theorem, for all (s,z) € Int (h; (C \ P) x X), the set

Ey ={yeR": (s,z,y) €Int (h;(C\ P) x X xR")}

is such that R™\ E(, ;) has measure zero and

//h(s,x,y,z)dy/\dz: / /h(s,x,y,z)dz dy.
Rn+1 R

E(s,x)

By Theorem 6.3, applied to h as an element of D ((X x R™) x R), there exist a set
P; C K (containing P and contained in a finitely generated Z-lattice) and a function
H, € D (X x R™) without poles outside P; such that

V(s,2,) € Int (h: (C \ P1) x X x R"), H, <s,z7y>:/h<s,x,y,z>dz.
R

We now apply the inductive hypothesis to H; and find that there exist P’ C K (con-
taining P; and contained in a finitely generated Z-lattice) and a function H € D (X)
without poles outside P’ such that

V(s,z) € Int (Hy; (C\ P') x X), H(s,x)z/Hl (s,z,y) dy.
R’n

Let (s,2z) € Int (h; (C \ P’) x X). Since H; is defined on the whole (C \ P’) x X x R"™
and R™ \ E(, ;) has measure zero,

h(s,z,y,z)dy Adz = /H1 (s,z,y)dy.
Rn+1 R



40 R. Cluckers et al. / Advances in Mathematics 459 (2024) 110025
In particular, (s,z) € Int (Hy; (C\ P') x X) and

h(s,z,y,2)dy Ndz=H (s,z). O

Rn+1

Remark 6.6. The proof of Theorem 2.4 is obtained as a special case of that of Theo-
rem 2.19, where all the functions involved happen not to depend on the variable s.

We conclude this section with some further remarks about the classes CK,CK-M,
CPE)M considered here. Again, we let D be either C¥-M or ¢P KM,

Remarks 6.7.

(1) Let X C C be open and define Dx (X) :={h | X x X : h € D(X)}. Clearly, Theo-
rem 2.19 also holds for Dsy.

(2) D is stable under right-composition with meromorphic functions, in the following
sense. Let £ € &k and 2,5 C C open such that £(X) = X'. If h € Dsy (X) then
(s,z) — h(£(s),x) € Ds (X).

(3) Dand CX are stable under right-composition with subanalytic maps, in the following
sense. Let X C R™ Y C R” be subanalytic and ¢ : X — Y be a map with
components in S (X). If h € D(Y) and g € C¥ (Y) then (s,2) — h(s, ¢ (z)) €
D (X) and go ¢ € C¥ (X).

Finally, for h € D (X x R) without poles outside some closed discrete set P C K, we
describe (uniformly in the parameters (s,z)) the behaviour of A when y — +o0. For
this, we apply Proposition 4.7 to prepare h and we concentrate on the unique cell A
(with base X) which has vertical unbounded fibres. By Remark 3.10, I14 is the identity
and A= By ={(z,y): z€ X, y>a(x)}

Arguing as in the proof of Theorem 6.3 (the case of a cell with unbounded y-fibres)
we can write, V (s,z,y) € (C\ P) x A,

h(s,x,y) = ZTi(vaay)v

i<N

where each T; is Puiseux in y, as in (6.2). Moreover, by enlarging P to contain the
“collision set” defined in (6.3), we may suppose that Vs € C \ P, the tuples

d

u) i<N, keN (6.4)

are pairwise distinct. Recall that ¢;,n; € K and d, p; € N.
Fix an enumeration N 3 j — (i (j),k (j)) € {0,..., N} x N, so that we may rewrite
(6.4) as
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bisys + iy — )
R e L

a; (s) =R\ (s) = " (ei(j)erZi(j)) —k9) b (s) =S (N (5) = M

Notice that b; (s) takes at most N + 1 different values, for every fixed s. Hence, we may
write h as the sum of a uniformly summable family of functions as follows:

hisce,y) = hi(s,2)y %) (logy) (6.5)
J

where hj € D (X).

In a forthcoming paper, we will use (6.5) to show that CK is stable under taking
pointwise limits and that neither of the classes CK,C¥M cPE).M contains the Fourier
transforms of all subanalytic functions.
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